To develop a general-purpose program for predicting the molding flow of polymeric liquid crystals, we present a basic model and its computational procedure. The flow is modeled by the Transversely Isotropic Fluid theory, which is equivalent to the Leslie-Ericksen equations in the high viscosity limit. In the modeling, the Hele-Shaw approximation is applied to reduce computational power. A finite difference technique is used to solve the governing equations, except for the angular momentum equation, which is solved by a streamline integration method. Two molds with thin and simple shape cavities are selected to evaluate the model. The computational results for the locations of the flow front, and for the distributions of the temperature and the molecular orientation show that the model successfully predicts a smooth molding process and that the molecular orientation direction depends strongly on the position in the gap direction. Since alignment of molecules is disordered by the occurrence of tumbling behavior, which depends on the fluid temperature and shear strain, the mold wall temperature and the gate position are important for effective molding.
Introduction
Although liquid crystals used for liquid crystalline displays are low molar mass liquid crystals (1) , polymeric liquid crystals (PLCs) have attracted much attention as highly functional and high-performance super-engineering plastics. This stems from their high mechanical strength and the excellent dimensional stability. However, PLC products often have the drawback that they easily break along the orientation direction of the molecules because of their extremely high alignment. Thus, it is important to develop a molding technique that takes into account the orientation state of molecules. Therefore, it is essential to determine appropriately and rapidly the molding conditions according to use. Consequently, computer simulations are anticipated to be effective tools. Looking back on ordinary isotropic polymer materials, various constitutive equations have been proposed, and the CAE techniques for predicting the molding flow satisfactorily have progressed considerably in the last 10 years. As a result, at present, many generalpurpose simulation programs are available on the market. In contrast, the rheological behaviors of PLCs are extremely complicated; for instance, PLCs show a negative first normal stress difference (2) - (5) , tumbling behavior of the director (6) (7) , and the polydomain structure (8) (9) . Thus, for PLCs, the theoretical treatment of the flow, which is the basis of the CAE techniques, is considerably behind compared with isotropic polymer materials.
Therefore, the theoretical and numerical studies of PLCs are strongly expected. There exist two representative theories for the flow of liquid crystals; one is the Leslie-Ericksen (L-E) theory (10) (11) and the other is the Doi theory (12) (13) . Although the L-E theory is mainly applied to low molar mass liquid crystals and the Doi theory to PLCs, there is also a case where the L-E theory was used for PLC flows (14) . The Doi theory can explain the occurrence of the negative first normal stress difference and the peculiar behaviors of the director, but a huge computation task is required, because, in the theory, an orientation state is expressed in terms of an orientation distribution function (15) (16) . Thus, a reduced Doi theory, in which the orientation distribution function is approximated with a second-order tensor, has commonly been employed (17) - (24) . However, even this simpler theory is still too complicated for use as the basic equations of general-purpose simulation programs. On the other hand, since it is constructed with a vector, the L-E theory is comparatively easy to treat and is appropriate for general-purpose programs, although rigorous expression of the orientation state is inadequate. Our final goal is to develop a general-purpose simulation program which is able to predict the thin film molding flow of PLCs. In the present study, we propose a model in which the Transversely Isotropic Fluid (TIF) theory (25) (26) , obtained by simplifying the L-E theory, is used as a constitutive equation, and show some computation results. This study deals with only monodomain PLCs, because there is no theory that can satisfactorily represent the polydomain structure, and also, the polydomain structure is destroyed in a mold where a comparatively large velocity gradient is generated.
Modeling

Governing equations
In general, the flow of liquid crystals is determined by inertial force, viscous force, force due to pressure, and elastic force based on the spatial distortion of molecular orientation. In PLCs, the viscous force is so large that both the inertial and elastic forces are negligible. The L-E theory, which is a theory for nematic liquid crystals, reduces to the TIF theory, derived by Ericksen, by ignoring the elastic force. We used the TIF theory as a constitutive equation. The slow flow of PLCs is governed by the following equations.
Here, ∇ is the gradient operator, v the velocity vector, p the pressure, I the unit tensor, τ the extra stress tensor, n the director representing the average local orientation of rod-like molecules, D/Dt the substantial derivative, λ the tumbling parameter, β i (i=1-3) the viscosity coefficients, ρ the fluid density, T the temperature, and c the specific heat. A and Ω are the rate of deformation tensor and the vorticity tensor, respectively, expressed as ( )
q is the heat flux vector written, for anisotropic fluids, as ( )
where k 1 and k 2 are the thermal conductivities, and the first term on the right-hand side represents the anisotropy of the material (27) .
Hele-Shaw approximation
Since we consider the thin film flow in the mold cavity shown in Fig. 1 , the Hele-Shaw approximation is applicable. The approximation cannot predict the flows near the free surface and side walls exactly, but the extents of such regions are, at most, of the order of the mold cavity gap.
Momentum equations
We postulate that the velocity in the z direction w=0, and disregard the partially differentiated terms with respect to x and y (except for the pressure terms), because the changes in the x and y directions are very small compared with the change in the z direction. As a result, the momentum equation (2) reduces to the following equations in the component form:
It is obvious from Eq. (9c) that the pressure p is a function of only x and y. From Eq. (3), the shear stresses τ zx and τ zy in Eqs. (9a) and (9b) are rewritten as
Here, u and v are the x and y components of the velocity vector v, respectively, and in which n x , n y , and n z are the x, y, and z components of the director n, respectively. After substituting Eq. (10) into Eq. (9), we integrate the resultant equations with respect to z using the boundary conditions u=v=0 at z=0 to get
, and C 1 (x, y) and C 2 (x, y) are integral constants determined from the boundary conditions u=v=0 at z=h (h is the gap of the mold cavity). The details are explained in the Appendix. The mean velocity ( )
The substitution of Eq. (12) into Eq. (13) and integration by parts yield the components of the mean velocity ( )
in which G 1 (x, y) -G 4 (x, y) are shown in the Appendix. The continuity equation with the Hele-Shaw approximation is
Substituting Eq. (14) into Eq. (15) leads finally to the following elliptic-type equation for the pressure, 
Angular momentum equation
Equation (4) is written in the component form as
The velocity gradients differentiated with x and y (terms underlined with ) on the righthand side of Eq. (17) are negligible because of the Hele-Shaw approximation. However, at the middle plane of the mold cavity (z=h/2), the velocity gradients differentiated with respect to z are zero, so that such a plane is singular for the orientation, and we must to retain the underlined terms by which the orientation is determined.
Energy equation
Under the Hele-Shaw approximation, the thermal conduction in the z direction is dominant compared with those in the x and y directions. Therefore, ignoring the derivatives of temperature T with respect to x and y, and substituting Eq. (8) into Eq. (5) lead to the following energy equation: 
Computations
Boundary conditions
For the pressure in Eq. (16), at the side wall parallel to the x axis, we give the following condition, which is obtained from Eq. (14b) with v =0:
At the side wall parallel to the y axis, Eq. (14a) with u =0 yields the condition
The pressure at the free surface is equal to the atmospheric pressure, and at the inlet of the mold cavity, it is set to be the processing pressure. Since Eq. (17) is hyperbolic, the boundary condition only at the inlet is sufficient for the computation of the orientation field. In the present study, we set the PLC molecules to be oriented in the y direction in Fig. 1 .
For the temperature field of Eq. (18), we specify the temperature at the inlet of the mold cavity. Furthermore, because the mold cavity is symmetric with respect to its middle plane, we give the mold temperature T m along the lower half of the mold wall and use the condition z T ∂ ∂ =0 at the middle plane of the mold cavity.
Computation procedure
A time-marching technique is used to solve Eqs. (16)- (18) simultaneously. For the orientation field, after replacing the left-hand side of Eq. (17) with an ordinary derivative with respect to time, we solve the resultant equation using a streamline integration method. A fourth-order Runge-Kutta method is used for discretization.
For the temperature field, we discretize the left-and right-hand sides of Eq. (18) with a first-order upwind finite difference and a second-order central finite difference, respectively.
For the velocity field, we apply Eq. (16) to the region filled with a liquid crystal, and solve the pressure field by a finite difference method. These results for the pressure and Eq. (12) give the local velocity v. The pressure values with Eq. (14) also provide the mean velocity v inside the region, from which v at the free surface is calculated by extrapolation. The free surface velocity determines the new location of the free surface.
We repeat the above-described process until the entire region of the mold cavity is filled with the liquid crystal.
Material constants
Material constants required for the present computation are the tumbling parameter λ, the viscosity coefficients β 1 -β 3 , the specific heat c, the fluid density ρ, and the thermal conductivities k 1 and k 2 , which may be measured directly using a material chosen for processing. In the present study, we estimate those values using both the theory for PLC rheology and some measured values reported in the literature.
The tumbling parameter λ is approximated as (28) 
Here, R is a coefficient expressed, using the aspect ratio a of a rod-like molecule, as
For PLCs, a>>1, so that R is approximated to 1. S 2 and S 4 are the second and fourth moments of the orientation distribution function, which are estimated, if we adopt the Maier-Saupe theory (29) , as a function of temperature T (in fact, the temperature ratio T/T NI , where T NI is the phase transition temperature from an isotropic to a nematic state) (30) .
The viscosity coefficients β 1 -β 3 are related to the Leslie viscosities α 1 -α 5 in the L-E theory as follows: (25b) In the L-E theory, on the other hand, the viscosity independent of the director orientation is only α 4 , so that the isotropic viscosity η iso is described as
where γ is the shear rate. From Eqs. (25b) and (26), we have
To estimate η iso , we use the following approximation (32) that Lekakou derived on the basis of the experimental viscosity data (33) 
The flow curve of Eq. (28) is shown in Fig. 2 . The specific heat c=1900 J/kg･K (34) , the fluid density ρ=1270 kg/m 3(34) , and the thermal conductivities k 1 =1.08 J/m･s･K and k 2 =0.17 J/m･s･K (27) are used for computation. Figure 3 shows the top views of two molds used in the present study. The gap of both mold cavities is h=3 mm. On the basis of a preliminary computation, we chose the finite difference mesh size ∆x=∆y=1 mm, ∆z=h/20, and used a variable time step ∆t, which was calculated every time by dividing ∆x/10 by the maximum free surface velocity. 
Results and discussion
Type 1 mold
The results for the type 1 mold are shown in Figs. 4 -6. The processing pressure was 6 MPa in gauge, the inlet temperature was 300 ˚C, and the mold wall temperature T m was 100 ˚C. It took approximately 5.0 s to complete the filling process. Figure 4 depicts the predicted locations of the free surface at every 0.2 s during the process. The PLC flows into the cavity at the inlet, expands in a semicircular shape, branches into two parts maintaining its bilateral symmetry, and finally flows together at the final stage of the process. Thus, a smooth filling process is predicted. A dotted line means a weldline at which two flows met. As the filling process progresses, the flowing area increases. Moreover, the fluid viscosity becomes high, because the mold wall temperature is lower than the inlet temperature. Consequently, the free surface moves slower as the process progresses, resulting in the crowded free surface lines near the weldline in Fig. 4 .
The contours of the temperature in gray scale just after the completion of the filling process are shown in Fig. 5 at three representative planes; z=0.10 (near the mold wall), z=0.25 (one-quarter of the mold cavity), and z=0.50 (middle of the mold cavity). Since the mold wall temperature T m =100 ˚C is considerably lower than the inlet temperature of 300 ˚C, the difference in the z direction is clear. Moreover, it is interesting that the temperature in the vicinity of the weldline is high. As Eq. (18) states, the fluid temperature is generally determined by both convected heat from the upstream and conducted heat in the z direction. At the free surface, heat conduction to the mold wall is insufficient compared with that in the upstream region. This is the reason for the high temperature near the weldline. Although Fig. 5 shows the result just after the completion of the filling process, as mentioned above, the free surface temperature is also high even during the process. Figure 6 shows the director orientation distributions just after the completion of the filling process. At z=0.10 and 0.25, molecules align approximately in the main flow direction since the shear rate in the z direction is dominant. In contrast, at z=0.50, the orientation state is significantly different from the other plane. This is because the shear rate in the z direction is 0 at the middle plane, so that the orientation is determined by the velocity gradient in the x-y plane; in a contraction flow, molecules orient parallel to the flow, and in an expansion flow, molecules orient perpendicular to the flow. The actual orientation is determined by both these orientation behaviors and the convection effect for orientation, resulting in a complicated state. When examined in detail, at z=0.10 and 0.25, singular points for molecular orientation are found, where a segment is short. Such molecules have a component out of the x-y plane, meaning the occurrence of a director tumbling behavior. The condition under which the tumbling behavior occurs is given by the tumbling parameter λ<1. In a simple shear flow, tumbling occurs with a period that is short when the shear rate is large and λ is small. In a channel flow, where a convection behavior exists, tumbling occurs every constant distance, and thus, many tumbling behaviors are found near the channel wall where shear rate is large and also convective velocity is small. Since, in non-isothermal flow such as that in the present study, the parameter λ, a function of the temperature, varies with location, the occurrence of tumbling is very complicated. On the basis of Eq. (21), λ is plotted as a function of the temperature in Fig. 7 . Because the condition for the occurrence of tumbling is λ<1, as mentioned above, if we adopt the phase transition temperature T NI =300 ˚C, tumbling occurs at T<275 ˚C, leading to the suppression of the tumbling behavior in the high-temperature region. In Fig. 8 , we show the orientation distributions at z=0.10 and 0.25 for a higher mold wall temperature, T m =150 ˚C. Although some tumbling behaviors are still evident in Fig. 8(a) , the region of complicated orientation near the inlet in Fig. 6(a) disappears. Furthermore, at z=0. 25 [ Fig. 8(b) ], no tumbling occurs, leading to the conclusion that the occurrence of tumbling and orientation distribution are affected significantly by the mold wall temperature. 
Type 2 mold
The results for the type 2 mold are shown in Figs. 9 and 10. The processing pressure was 6 MPa in gauge, the inlet temperature was 300 ˚C, and the mold wall temperature T m was 200 ˚C. It took approximately 6.4 s to complete the filling process. Figure 9 depicts the predicted locations of the free surface at every 0.2 s during the process; it is confirmed that a smooth filling process is predicted, like the type 1 case. Figure 10 shows the orientation distributions. As described in the results for type 1, the orientation at the middle plane greatly differs from that at the other plane. Regions of disordered orientation due to tumbling are found only at z=0. 10 . It is known that in a simple shear flow, tumbling behavior occurs as a periodic function of the shear strain that a molecule has been subjected to (35) . Because the passage of type 2 is longer than that of type 1, the number of tumbling regions is increased. Compared with isotropic polymer materials, the distinctive feature of PLCs is the orientation of rod-like molecules, which is the primary cause of the high strength. However, as is clear from the above-mentioned two examples, the tumbling behavior peculiar to PLCs induces the local low-orientation states. Therefore, it is very important, for PLC processing, to appropriately determine the mold wall temperature and the inlet position. 
Conclusions
To develop a general-purpose program for predicting the molding flow of polymeric liquid crystals, we proposed a basic model, in which the Transversely Isotropic Fluid (TIF) theory was used as a constitutive equation. In addition, we presented some computational results such as the variation in the location of the flow front and the distributions of the temperature and molecular orientation for two selected mold cavities with simple shapes. The results obtained in this study are summarized as follows.
1. The proposed model, derived by combining the TIF theory with the Hele-Shaw approximation, can simulate a smooth filling process of polymeric liquid crystals, and is useful to predict the molecular orientation and temperature distributions. 2. The molecular orientation depends strongly on the position in the mold gap direction. In particular, at the middle plane, the velocity gradient in the gap direction becomes 0, so that the molecular orientation is determined by the planar shape such as a contraction or an expansion, becoming a complicated state. 3. The tumbling behavior, peculiar to polymeric liquid crystals, induces a disordered orientation distribution, leading to the weak strength of end products. Because the tumbling parameter depends on the fluid temperature and the amount of shear strain, it is very important to determine properly the mold wall temperature and the inlet positions for effective mold processes. Because the primary objective of the present study is to propose a model and to investigate its availability, we selected simple shaped molds which can be expressed with rectangular coordinates. Future work will be to introduce a boundary fitting method to deal with more complicated molds.
Appendix
Defining quantities R ij and S ij as 
